We present an analytic solution in the Fourier domain for an elastic deformation in a semiinfinite solid due to an arbitrary surface traction. We generalize the so-called Boussinesq's and Cerruti's problems to include a restoring buoyancy boundary condition at the surface. Buoyancy due to a large density contrast at the Earth's surface is an approximation to the full effect of gravity that neglects the perturbation of the gravitational potential and the change in density in the interior. Using the perturbation method, and assuming that the effect of gravity is small compared to the elastic deformation, we derive an approximation in the space domain to the Boussinesq's problem that accounts for a buoyancy boundary condition at the surface. The Fourier-and space-domain solutions are shown to be in good agreement. Numerous problems of elastostatic or quasi-static time-dependent deformation relevant to faulting in the Earth's interior (including inelastic deformation) can be modelled using equivalent body forces and surface tractions. Solving the governing equations with the elastic Green's function in the space domain can be impractical as the body force can be distributed over a large volume. We present a computationally efficient method to evaluate the elastic deformation in a 3-D half space due to the presence of an arbitrary distribution of internal forces and tractions at the surface of the half space. We first evaluate the elastic deformation in a periodic Cartesian volume in the Fourier domain, then use the analytic solutions to the generalized Boussinesq's and Cerruti's problems to satisfy the prescribed mixed boundary condition at the surface. We show some applications for magmatic intrusions and faulting. This approach can be used to solve elastostatic problems involving spatially heterogeneous elastic properties (by employing a homogenization method) and time-dependent problems such as non-linear viscoelastic relaxation, poroelastic rebound and non-steady fault creep under the assumption of spatially homogeneous elastic properties.
Fourier-domain elastic solutions 569 thought to be involved in post-seismic transients (e.g. afterslip, viscoelasticity and poroelasticity), based on a fundamental solution for a body force in an elastic half space. In this paper, we present such a solution in the Fourier domain, to allow an efficient evaluation of the time-dependent displacement field by taking advantage of the fast Fourier transforms and the convolution theorem. The proposed semi-analytic method involves two steps: first we evaluate a displacement field in a full space, then apply a correction to satisfy the boundary condition (also, see Nguyen et al. 2008) . Our model includes a mixed boundary condition with a gravitational restoring force that results from displacements across the density contrast interface. For typical wavelengths of coseismic deformation of the order of 10-100 km, the effect of gravity on surface displacements is several orders of magnitude smaller than the direct effect of rupture. For larger-wavelength post-seismic relaxation, the effect of gravity can be more prominent and the interior buoyancy forces are at least one order of magnitude smaller than the surface traction. Hereafter, we neglect the interior buoyancy restoring force associated with bulk compaction and extension. The method can be used to model post-seismic deformation involving non-linear rheologies (see companion paper B&F).
This paper is organized as follows. First, we describe a Fourierdomain analytic solution to the displacement field in a homogeneous elastic half-space under a prescribed traction boundary condition. The solution is obtained using the Galerkin vector potential. We consider the cases for tangential traction and normal load separately then describe a solution that accounts for an arbitrary spatial distribution of traction in all directions. Our solution generalizes the so-called Cerruti's and Boussinesq's problems to incorporate the buoyancy effect due to a density contrast at the surface. In Section 3, we derive a semi-analytic Green's function for the elastic half-space in the Fourier domain. Our formulation allows one to evaluate the displacement field due to an arbitrary distribution of internal forces and surface traction accounting for a buoyancy effect at the surface. In Section 4, we present applications relevant to crustal deformation and compare calculations using our method to known analytic solutions. We show an application of the proposed Green's function to deformation in a heterogeneous crust. In Appendix A, we use a perturbation method to derive an approximation to the solution to the generalized Boussinesq's problem in the space domain. We use this analytic solution to validate our Fourierdomain formulation. Finally, in Appendix B, we validate the results presented in Section 2, using an alternative derivation based on the Boussinesq-Papkovitch potential.
A N A LY T I C S O L U T I O N T O T H E T R A C T I O N B O U N DA RY-VA L U E P RO B L E M I N A S E M I -I N F I N I T E E L A S T I C S O L I D W I T H G R AV I T Y
We wish to obtain an expression for the static deformation of a homogeneous elastic half space subject to a distribution of traction p i (x 1 , x 2 ) at its surface x 3 = 0. The surface ∂ is associated with the normal vector n i = −δ i3 , where δ ij is the Kronecker's delta. The vertical displacement at the surface gives rise to a buoyancy restoring force so that the equilibrium holds (Wolf 1991; Johnston et al. 1998) 
where p i is the applied surface traction,
is the pressure due to the assumed density contrast ρ at the surface, and t i = σ ij n j is the resulting traction at the surface (Fig. 1) . In terms of stress components we obtain the surface boundary condition σ 13 (x 1 , x 2 ) = −p 1 (x 1 , x 2 ), σ 23 (x 1 , x 2 ) = −p 2 (x 1 , x 2 ), σ 33 (x 1 , x 2 ) = −p 3 (x 1 , x 2 ) + ρ g u 3 (x 1 , x 2 , 0),
where σ ij is the Cauchy stress tensor (Malvern 1969; Nemat-Nasser & Hori 1999) . In the homogeneous elastic half-space, the conservation of linear momentum and Hooke's law give rise to the homogeneous Navier's equation
where u i is the vector-valued displacement field and λ and μ are the Lamé parameters. We look for a displacement field that satisfies the governing eq. (4) with boundary condition (1) at the surface and vanishing displacements at infinity. Next we introduce the Galerkin vector potential and use it to solve two related subproblems: the Boussinesq's problem for the deformation due to normal loads at the surface, and the Cerruti's problem for the deformation due to tangential tractions at the surface. We consider a generalization of the classic formulation of the Cerruti's and Boussinesq's problems that includes a buoyancy restoring force at the surface. By applying the superposition theorem, we derive a general solution for the deformation in a half-space due to the application of some arbitrary tractions at the surface. Geometry and boundary condition for the deformation due to arbitrary distributions of surface tractions. The surface traction t(x) is the sum of the applied load p(x) and the buoyancy restoring force g = ρ g u 3n . Displacement u in the semi-infinite solid satisfies the homogeneous Navier's equation (4) with buoyancy condition (3).
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The Galerkin vector potential
The Galerkin vector potential G i (Westergaard 1935; Mindlin 1936b; Mindlin & Cheng 1950a; Steketee 1958 ) is defined by the change of variable
where the dimensionless constant α can be expressed in terms of the Lamé's parameters or Poisson's ratio
Inserting the Galerkin potential in the homogeneous Navier's equation (4) gives rise to
In the absence of internal forces, the three Cartesian components G i are biharmonic. By applying the 2-D horizontal (x 1 , x 2 ) Fourier transformŝ
where f is a scalar field and defining the angular wavenumbers ω i = 2π k i the biharmonic equation (7) simplifies to the fourthorder ordinary differential equation
where we have defined the radial angular velocity
A general solution for the component of the Galerkin vector iŝ
Vanishing displacements at infinity (x 3 → ∞) require C i = D i = 0, so that the general solution and its successive derivatives arê
The components of the stress tensor are, without loss of generality,
The semi-analytic solution in the Fourier domain for the deformation in a half space subject to surface traction is reduced to finding the values of the A i and the B i from the Fourier transform of the surface stresses, that is removing the six degrees of freedom in the Galerkin vector (12). Such a solution might be attainable by inverting a 6 × 6 square matrix, but this approach is not generally tractable. Instead, we solve independently the so-called Boussinesq's and Cerruti's problems, corresponding to the application of normal and tangential loads, respectively, at the surface of the half space, and obtain the full solution by linear superposition.
The Boussinesq's problem with gravity
The Boussinesq's problem arises from the application of a concentrated normal load p = p 3ê3 at the surface of the half-space. We consider an extended problem of an arbitrary distribution of normal tractions with buoyancy effects. The solution to this problem in the Fourier domain with no gravity was presented by Steketee (1958) . Assuming that the first two components of the Galerkin vector potential can be set to zero, G 1 = G 2 = 0, we obtain from eqs (12) and (13) the shear stress components in the Fourier domain
that both vanish identically at the surface if
Combining the surface normal stress (derived from eqs 12 and 13)
and the vertical displacement at the surface (derived from eqs 5 and 12)
and using the boundary conditionσ 33 = −p 3 + ρ gû 3 of eq.
(1), one finds
where we have introduced the critical buoyancy wavenumber
that represents the relative effect of gravity compared to the elastic rigidity. For a typical density contrast at the Earth's surface ρ = 2.8 × 10 3 kg m −3 and shear modulus G = 30 GPa, the associated critical wavelength is −1 10 3 km. The solution for the displacement field for the Boussinesq's problem with the buoyancy effect iŝ
A comparison between the Fourier-domain solution (20) and the corresponding analytic solution using the space-domain Green's function (eq. A28 in Appendix A) is shown in Fig. 2 for the case of a moment load. We define a unit moment m ij as a force couple of equal and opposite magnitude 1/ in theê j direction separated by a distance in theê i direction. We compute the response of a moment load m 13 applied at the surface x 3 = 0 and compute the displacements at a depth of 3 km ignoring gravity ( = 0). The difference between the two fields is within a few percent of the maximum value. An elastic Green's function in the space domain that incorporates the effect of buoyancy is developed in Appendix A. The effect of gravity on viscoelastic relaxation following slip on a thrust fault is illustrated in a companion paper (B&F).
The Cerruti's problem with gravity
The Cerruti's problem corresponds to the deformation in a halfspace due to the application of a tangential force at the surface. As there is no fundamental difference between applying forces in the e 1 or theê 2 direction, we solve for deformation due to a distribution of forces applied in theê 1 direction only. A solution corresponding to the tangential forces oriented in theê 2 direction can be obtained by rotation about the x 3 axis. We therefore solve the homogeneous Navier's equation (4) considering the following boundary conditions: a prescribed surface stress σ 13 , vanishing surface stress σ 23 , equilibrium between the restoring buoyancy force and the normal stress σ 33 and vanishing of displacements at infinity.
We start by using only one component of the Galerkin vector potential, such as G 2 = G 3 = 0. In the Fourier domain, we obtain the stress components at the surface,
From the surface boundary condition σ 23 = 0, we obtain
and from the prescribed shearing stress in theê 1 direction we find
At this point, however, we have no vertical displacement at the surface and the condition of vanishing of normal stress at the surface is not satisfied. The Galerkin potential G 1 contributes to the surface normal stresŝ
This normal stress can be readily cancelled by application of the solution (20) to the Boussinesq's problem with the constant
The solution to the Cerruti's problem requires two components of the Galerkin vector potential. Using eqs (22), (23) and (25) the solution displacement can be written
where, for convenience, we have introduced a dimensionless parameter h = /β. The solution to the Boussinesq's and Cerruti's problems can also be obtained analytically in the Fourier domain using the Boussinesq-Neuber-Papkovitch potential, as shown in Appendix B.
In case when the tangential traction is exerted in theê 2 direction,
3 and the displacement field iŝ
The space-domain solution for the case of a tangential concentrated force on the plane boundary at the surface of a half-space is given by (Love 1927; Nemat-Nasser & Hori 1999) 3 ) 1/2 . We note a discrepancy in sign between the solutions given by Nemat-Nasser & Hori (1999) and Soutas-Little (1999) for the vertical component of displacement. Our results (eq. 28) agree with those of Soutas-Little (1999) and Okumura (1995) . A comparison between the analytic solution (28) and the Fourier-domain formulation (26) is shown is Fig. 3 . We apply a moment m 22 at the surface of the half-space and compute the solution on a plane at a depth of 3 km. Fig. 3 (B) compares the analytic and numerical solutions along the horizontal profile B-B . The error is less than 1 per cent of the maximum value for either displacement components.
Arbitrary distribution of surface traction with gravity
The general solution corresponding to the application of an arbitrary traction p i at the surface of the half space is provided from the superposition of solutions to the Boussinesq's and Cerruti's problems. It makes use of the three components of the Galerkin vector potential. Combining results (20), (26) and (27) we obtain the complete displacement solution
where the constants B i depend upon the applied traction
Formulation (29) is a closed-formed solution in the horizontal Fourier domain to the traction boundary-value problem in a half space including a buoyancy restoring force at the surface. An equivalent expression can be found in the 3-D Fourier domain by forward Fourier transforming eq. (29) in the vertical direction
where we have defined
(32)
A S E M I -A N A LY T I C G R E E N ' S F U N C T I O N F O R T H E E L A S T I C H A L F -S PA C E U N D E R G R AV I T Y
The elastic Green's function for a semi-infinite elastic solid with a free-surface boundary condition (Love 1927; Mindlin 1936a ) provides the elementary solution that can be used to evaluate the 3-D deformation due to a distribution of point forces. As body force representations can be used to imitate dislocations (Burridge & Knopoff 1964; Steketee 1958) , an elastic response of the crust due to slip of buried faults can be evaluated using the elastic Green's function (Okada 1992; Meade 2007) . Both internal forces and surface tractions are required to represent slip on a fault if the latter intersects the surface (Backus & Mulcahy 1976a,b; Barbot et al. 2009b ). An inhomogeneous traction boundary condition is also used in models of a heterogeneous crust (Barbot et al. 2009b) . Finally, it can be required in models of time-dependent poroelastic relaxation (B&F).
Theoretically, the 3-D displacement field can be obtained with the convolution between the equivalent body force and the elastic Green's function (Love 1927; Mindlin 1936a ). However, the forcing terms might occupy a large volume and the convolution in the space domain might not be computationally tractable. Our approach is to evaluate the elastic deformation numerically using a semi-analytic Green's function in the Fourier domain (Barbot et al. 2008a (Barbot et al. , 2009a . This approach takes advantage of the convolution theorem and the fast Fourier transform whereby the convolution becomes a product in the Fourier domain. The surface traction boundary condition is enforced using superposition. The Fourierdomain semi-analytic Green's function satisfying arbitrary surface traction boundary conditions can be used in multiple applications including elastostatic deformation in homogeneous and heterogeneous materials (Moulinec & Suquet 1998; Barbot et al. 2009b) , models of fault creep (Barbot et al. 2009a ) and other post-seismic post-seismic phenomena (see companion paper B&F).
A Fourier-domain elastic Green's function
Our approach to evaluate the 3-D displacement in a half-space due to an arbitrary distribution of body forces f i subject to an inhomogeneous traction and buoyancy boundary condition is as follows. Consider the inhomogeneous Navier's equation
subject to the surface boundary condition
where u i is the vector-valued displacement field, σ ij is the Cauchy stress tensor, n i = (0, 0, −1) is the surface normal vector and q i (x 1 , x 2 ) is the prescribed load. The displacement that satisfies eqs (33) and (34) can be decomposed into a homogeneous and a particular contribution
where the displacement field u h i is a solution to the homogeneous Navier's equation
with inhomogeneous surface boundary conditions and the particular solution u p satisfies eq. (33) regardless of the surface boundary condition. The particular solution can be obtained in a straightforward manner in the Fourier domain. Upon Fourier transforming in the three directions eq. (33) becomes algebraic
where the k i are the wavenumbers and the displacement field can be directly inverted to obtain
where the hats correspond to the Fourier transform of the corresponding variables. We note that eq. (38) is ill-posed for k 1 = k 2 = k 3 = 0. The zero wavenumber component of the Fourier solution corresponds to a rigid-body displacement and does not involve an elastic deformation. We do not allow for a net displacement of the half space by settingû i (0, 0, 0) = 0. A particular solution to eq. (33) is provided by eq. (38) for any distribution of internal forces.
We now seek a homogeneous solution u h such that the sum (35) satisfies the boundary condition (34). For convenience, as eq. (31) is already a Fourier-domain solution, we evaluate the surface tractions and the surface vertical displacements in the Fourier domain as well. A displacement field is associated with the stress
and we define the surface traction due to the homogeneous and particular displacement fields by t h i = σ h ij n j and t p i = σ p ij n j , respectively. In the Fourier domain, the stress can be written
The contributions of vertical displacementû p 3 and tractiont p i from the particular solution at the surface are, respectively,
and
The solution to the homogeneous Navier's equation (36) is given by eq. (29), as discussed in Section 2. By definition of eq. (1), the traction and the surface vertical displacement of the homogeneous solution satisfy
where the traction p i (x 1 , x 2 ) is a degree of freedom required to satisfy eq. (34). We use linear superposition to cancel the contribution from the particular solution and satisfy the boundary condition (34). The displacements in the semi-infinite solid can be evaluated from a given applied traction p i (x 1 , x 2 ) at the surface and the buoyancy boundary condition is automatically satisfied. We write
where we use the semi colon to denote the dependence of the homogeneous solution upon the prescribed boundary condition p i at the surface. Using the decomposition (35) the boundary condition (34) can be written
Using eq. (43) we constrain the last degree of freedom
In the Fourier domain, the required homogeneous contribution iŝ
The displacement field due to a distribution of internal body forces and surface tractions is ultimately evaluated using the following steps. First, we apply a 3-D Fourier transform to the body-force field. Second, we apply the transfer function of eq. (38). We obtain a displacement field that satisfies periodic boundary conditions. The intermediate solution requires a correction to satisfy the traction boundary condition. We evaluate the 2-D traction field (46) in the Fourier domain by performing the integrals (41) and (42) numerically. We then evaluate a homogeneous solution that satisfies eq. (46) using the analytic solution (31). Summing the two displacement fields results in a solution that satisfies the inhomogeneous Navier's eq. (33) and the prescribed traction boundary condition (34). Finally, we perform a 3-D inverse Fourier transform numerically to obtain a displacement field in the space domain.
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We test the semi-analytic Green's function described in Section 3 against analytic results for the 3-D displacement due to fault slip and magmatic intrusions. Some benchmarks for strike-slip faults and a comparison with the numerical approach of Wang et al. (2003) are presented in Barbot et al. (2009a) . Benchmarks for dip-slip faults in plane strain problems can be found in Barbot et al. (2009b) . We start by comparing models of deformation for a point source using the solution of Mindlin & Cheng (1950a) for a nucleus of strain. We then describe models including sources of finite size and compare our numerical solution for strike-slip and dip-slip faults with the analytic solution of Okada (1992) . Our formulation allows us to represent sources of arbitrary orientation and location in the halfspace. We consider a case of a buried thrust fault as an example.
Point of dilatation
First, we consider the case of a dilatation source. A point source of dilatation is an approximation representing isometric magmatic intrusions subject to a pressure boundary condition (Mogi 1958) . The surface displacement (at x 3 = 0) due to a source of dilatation at depth y 3 in a semi-infinite solid with Poisson's ratio ν is (Mindlin & Cheng 1950a,b )
where r = x 2 1 + x 2 2 + y 2 3 1/2 is the distance from the source centred at the origin and an observation point at the surface (Fig. 1) . The dilatation source of eq. (48) can be represented by the eigenstrain i ij = δ ij , a moment density m ij = 3κ δ ij and an equivalent body force f i = −m ij,j in the notation of Barbot et al. (2009a,b) and Barbot & Fialko (2010, submitted) , where κ is the bulk modulus. Our numerical solution for the surface displacement is shown in Fig. 4 (A) for a point source at depth y 3 = 0.5 km. In Fig. 4(B) , we show the numerical error as a function of the number of nodes in our 3-D grid. We normalize the sum of the square of the residuals between the semi-analytic and the analytic solution of eq. (48) by the norm of the analytic signal. In these calculations we use a Poisson's solid (λ = μ and ν = 1/4), ignore the density contrast at the surface ( = 0) and use a uniform sampling size of x i = 0.05 km. A simulation using the 512 3 nodes takes about 30 s on a four-cpu shared-memory computer. The error decays to less than 1 per cent for large computational grids where the effect of periodicity is smaller. Calculations with different values of Poisson's ratio gave rise to similar residuals.
Finite fault deformation
We now consider the case of finite faults. We model finite faults with a distribution of internal forces and surface traction (Barbot et al. 2009a) . Fig. 5(A) (left panel) shows the surface displacements due to a vertical left-lateral strike-slip fault with a slip of 1 m. The right panel shows the residuals between our numerical solution and the analytic formulation of Okada (1992) . The residuals at the tip of the fault are due to our tapering of the slip at the edges of the fault. We taper slip at the fault tips to mitigate a possible Gibbs phenomenon (Barbot et al. 2008a) ; also the tapered slip distribution is more physically reasonable than the constant slip (Fialko 2004 (Fialko , 2007 . Fig. 5(B) shows the surface displacements associated with a vertical dip-slip fault with a 1 m slip on a plane extending from the surface to a depth of 1 km. Models of dip-slip faults intersecting the surface require both equivalent body forces and equivalent surface traction to represent the slip discontinuity. The residuals with the solution of Okada (1992) are localized near the fault and arise from the displacement discontinuity, which cannot be accurately sampled by a continuous field down to a scale of numerical discretization. For both the strike-slip and dip-slip faults, the residuals immediately away from the fault discontinuity fall below 5 per cent of the exact solution.
Finally, we use the proposed semi-analytic Green's function to compute the displacement due to a thrust fault. Fig. 6(A) shows the displacement field at the surface due to a buried thrust fault 10-km long and 10-km wide in the down-dip direction. The top of the fault is buried at a depth of 5 km. The residuals with the analytic solution of Okada (1992) are shown in Fig. 6(B) (note the change of scale). Overall, residuals are about 2 per cent of the expected signal. The biggest residuals are located near the top of the fault and are due to slip tapering of the fault tips in our model. We investigate the effect of sampling and size of the computational domain on the numerical solution accuracy. Fig. 6(C) shows the norm of the residuals as a function of the number of nodes in the computational grid for two different sampling size. For small grids, the error is greater for small sampling size. Fig. 6(C) shows that the error corresponding to using a grid with linear dimension 12.8 km is comparable to the error arising from using a grid with the same linear dimension but doubled number of nodes. We conclude that a primary source of error in this case comes from the distance to the periodic boundary. For larger computational grids, residuals associated with a denser sampling become smaller, illustrating the tradeoffs between the requirement of large computational domains and small discretization. We performed additional tests for a buried dip-slip fault, varying the dip angle from 0
• to 90
• and the fault length between 10 and 30 km, all other parameters being otherwise the same. We found similar good agreements between numerical and analytic solutions as in the example shown in Fig. 6. 
Modelling heterogeneous properties of crustal rocks
The homogeneous elastic Green's function can be used to model elastic deformation in a heterogeneous half-space by means of a homogenization method (Du et al. 1997; Cochran et al. 2009; Barbot et al. 2009b) . Successive approximations u (n+1) of the displacement field can be obtained with the convolution between the homogeneous Green's function and the body forces
576
S. Barbot and Y. Fialko and the surface tractions
starting from an initial guess displacement field u (0) , where superscript (n) is the iteration number and C ijkl is the elastic tensor deviation from an arbitrary background value. Fig. 7 shows an application for the case of a vertical dip-slip rupture in the vicinity of an infinitely long compliant zone. The fault extends from the surface to a depth W = 10 km, is 2W long in the strike direction and slips 1 m uniformly. The bulk modulus is uniform in the half-space and the compliant zone, also extending from the surface to a depth W , is characterized by a thickness T = W /5 and a 10 per cent reduction in shear modulus. The displacement anomaly originating from the compliant zone exhibits additional uplift to the East of the rupture where the shear modulus is reduced (Fig. 7B) . We performed a similar calculation using a finite-element method using the Simulia software (formally Abaqus, www.simulia.com). The small residuals (Fig. 7C) between the two simulations indicate a very good accuracy of our Fourier-domain Green's function used in combination with the homogenization method.
Figs 4, 5 and 6 illustrate simple sources of deformation. Complex geometries can be readily accounted for in our method using a superposition of such elementary sources (Barbot et al. 2009a,b) . We conclude that the proposed Fourier-domain semi-analytic Green's function approach is sufficiently accurate and flexible to allow realistic simulations of crustal deformation due to earthquake-and volcano-related phenomena.
C O N C L U S I O N S
Building on the classic work of Steketee (1958) , we derived the analytic Fourier-domain solution for displacements due to an arbitrary distribution of tangential and normal loads at the surface of a semiinfinite solid. Our formulation generalizes the so-called Boussinesq's and Cerruti's problems by accounting for the effect of buoyancy at the surface due to a large density contrast between the lithosphere and the atmosphere. The buoyancy boundary condition is an approximation to the full effect of gravity where self-gravitation and internal density variations are ignored. The full Fourier-domain solution with surface buoyancy is given by eq. (29). We note that the solution of eq. (29) can be found using the Galerkin as well as using the Boussinesq-Papkovitch-Neuber vector potentials (Appendix B). We also derived a space-domain Green's function for the deformation due to the application of normal loads at the surface of the half space with a buoyancy boundary condition (Appendix A). We use a perturbation approach, assuming that the effect of gravity is a small contribution to the deformation, to approximate a solution for the elastic Green's function. The accuracy of our solution is validated by a good agreement between the Fourier and space-domain solutions to the generalized Boussinesq's problem.
Numerous problems of elastic deformation due to internal forces and surface traction come about from static models of faulting and from time-dependent models of postseismic relaxation (Barbot et al. 2009b) , Barbot & Fialko (2010, submitted) . The displacement or velocity can theoretically be obtained by the convolution in the space domain between the elastic Green's function and the body force, however this is not always practical because the internal forces can be distributed over a larger domain and the convolution operation scales as N 2 , where N is the number of nodes in the simulation. We derived a efficient way to evaluate the 3-D deformation in a half-space due to the presence of an arbitrary distribution of internal forces and surface tractions. Our method involves (1) obtaining the displacement field in a periodic full space due to the same internal forces and (2) adding a homogeneous solution to satisfy the prescribed boundary condition, including the buoyancy effect. The periodic solution can be readily obtained in the Fourier domain and the auxiliary analytic homogeneous solution is given by eq. (29). The two-step method is computationally efficient and easily parallelized to deal with large computational grids. The semi-analytic solution compares well to analytic solutions for the displacement field due to strike-slip and dip-slip faults of arbitrary orientation and point-sources of dilatation, within a typical maximum error of 5 per cent for the explored range of model sizes. Our Fourier-domain solution can be efficiently used to model elastostatic deformation (Barbot et al. 2009b) , as well as quasi-static deformation such as that due to the most common postseismic mechanisms (viscoelastic relaxation, poroelastic rebound and fault creep). Application of the proposed Green's function to models of time-dependent postseismic deformation are considered in a companion paper (B&F).
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In this appendix, we derive an analytic solution for the elastic Green's function for the case of the application of a concentrated normal load at the surface of a semi-infinite elastic body. Our solution extends the classic solution to the Boussinesq's problem (Love 1927; Nemat-Nasser & Hori 1999) to a generalized boundary condition where surface normal displacement is counteracted by a buoyancy force. We use the analytic solution derived in this Appendix to validate the Fourier-domain solution shown in Section 2. We first introduce the Boussinesq-Papkovitch-Neuber vector potential, then use this potential to solve for the elastic Green's function with buoyancy boundary condition. Our solution of eq. (A27) is obtained using the perturbation method where we assume that the buoyancy effect is a small contribution to the total deformation.
A1 The Boussinesq-Papkovitch-Neuber potential
The Boussinesq-Papkovitch-Neuber representation (Mindlin 1936b) comes about when applying the Helmholtz decomposition to the solution to the Navier's equation (4) as follows:
where φ and A i are scalar and vector potentials, respectively, and ijk is the Levi-Cevita symbol. In the absence of body forces the conservation of momentum gives rise to
Fourier-domain elastic solutions 579 where we denoted
Defining the harmonic vector potential
and its divergence
one obtains, without loss of generality,
where we have used the vector identity (x k B k ) ,jj = 2 B j,j and defined B 0 as a harmonic scalar. From the definition of B i , we have
By combining expressions (A1), (A4), (A6) and (A7), one obtains the following representation:
This is the Papkovitch-Neuber elastic potential, which represents the solution to the Navier's equation in the absence of body force in terms of a harmonic vector B i and a harmonic scalar B 0 . Without loss of generality, one has the following results
The advantage of the Papkovitch-Neuber potential is that it may allow one to obtain an analytic solution to the Navier's equation in an easier way by manipulating harmonic vector and scalar potentials.
that can be separated into two parts, one part corresponding to the solution with no buoyancy effects ( = 0) and another part describing the contribution of gravity. Assuming that L 1, where L is the characteristic linear dimension of the problem, we use a perturbation approach (Bender & Orszag 1978) and write the successive approximations of B 3 as follows: 
which corresponds to the well-known case where buoyancy at the surface is ignored (Love 1927; Mindlin 1936a; Nemat-Nasser & Hori 1999) . The second approximation is B
3 = 1 2πμα
and corresponds to our analytic approximation of the effect of gravity for the Boussinesq's problem; thereafter we use the approximation B 3 ≈ B
3 . Using eq. (A15) we define
Finally, plugging eqs (A24) and (A26) into eq. (A12) and using the cylindrical coordinates we obtain the following approximation of the displacement field
For comparison, the Green's function of the Boussinesq's problem, in the absence of gravity, can be found, for example in Love (1927) , Okumura (1995) , Nemat-Nasser & Hori (1999) or Soutas-Little (1999)
Note that eq. (A27) simplifies to the classic solution of eq. (A28) when = 0, as expected.
A comparison between the Fourier-domain solution (eq. 29) and the corresponding analytic solution using the space-domain Green's function (eq. A27) is shown in Fig. A1 . We compute the response of a point-source moment load m 13 applied at the surface x 3 = 0. We take into account a density contrast at the surface by setting = 10 −2 m −1 . The corresponding displacement at a horizontal plane at a depth of 3 km is shown in Fig. A1(A) . The difference between the solution that includes a buoyancy effect and one that ignores buoyancy is shown in Fig. A1(B) . The contribution of buoyancy to the total displacement field is less than 10 per cent of the total signal. The vertical displacement contribution of buoyancy is of opposite polarity compared with the direction of vertical displacement due to the direct effect of the applied traction. The buoyancy effect is tempering the amplitude of vertical displacement and the opposite polarity of the gravity contribution is an expected behaviour. We evaluate the contribution of gravity using our space-domain Green's function (A27). The residuals between the Fourier-domain and the space-domain solutions is shown in Fig. A1(C) and a comparison between the Fourier and space-domain solutions along profile C-C is shown in Fig. A1(D) . The residuals between the two fields are within a few percents of the maximum value of the gravity contribution field. Note a good agreement between the Fourier-domain and space domain solutions to the generalized Boussinesq's problem.
A3 From Fourier-to space-domain expressions
Finally, we establish the formal relation between the perturbation solution (A27) and the exact Fourier-domain solution (20), which we repeat here for conveniencê u 1 (k 1 , k 2 , x 3 ) = iαω 1 β B 3 1 − α −1 + βx 3 e −β x 3 , u 2 (k 1 , k 2 , x 3 ) = iαω 2 β B 3 1 − α −1 + βx 3 e −β x 3 ,
Assuming small ratios of /β, corresponding to a small wavelength limit, the constant
can be expanded in a Taylor series. Keeping the first two terms of the Taylor expansion we find
Setting p 3 = δ(x 1 )δ(x 2 ), or simplyp 3 = 1, the first term corresponds to the classic Boussinesq's solution (A28) and the second term gives rise to the perturbation contribution found in eq. (A27 
Upon inverse Fourier transforming with the pairs recalled in Table A1 , we directly confirm that u 3 (x 1 , x 2 , x 3 ) = 1 4πμr α −1 + x 2 3 r 2
is the perturbation solution (eq. A27). Equivalence between the remaining components of displacement can be demonstrated in a similar way. ln (x 3 + r ) 1 2π |k| 2 e −2π |k| x 3 x 3 ln (x 3 + r ) − r 1 4π 2 |k| 3 e −2π |k| x 3 Note: We denote |k | = (k 2 1 + k 2 2 ) 1/2 and r = (x 2 1 + x 2 2 + x 2 3 ) 1/2 . The Fourier transforms are defined in eq. (8).
A P P E N D I X B : S TAT I C D E F O R M AT I O N I N A H A L F -S PA C E D U E T O S U R FA C E T R A C T I O N U S I N G T H E B O U S S I N E S Q -PA P KOV I T C H -N E U B E R P O T E N T I A L
In this appendix we use an alternative derivation of the Fourier domain solution for the Boussinesq's and Cerruti's problems. In Section 2, we used the Galerkin vector potential to derive the solution to the generalized problem of applied surface traction including the effect of a buoyancy restoring force at the surface of a semi-infinite elastic solid. Here, we use the Boussinesq-Papkovitch-Neuber potential to derive the Fourier-domain solution to the Boussinesq's and Cerruti's problems, ignoring the effect of gravity. We use this alternative derivation to validate results of Section 2 in the special case where gravity is neglected (setting = 0). We first derive the solution to the Boussinesq's problem then to the Cerruti's problem.
B1 The Boussinesq's problem
The Boussinesq's problem can be solved semi-analytically in the Fourier domain by making use of the Papkovitch-Neuber representation and Fourier transforming (A8) in the horizontal direction. Using the Fourier transforms pair defined in (8), the transformed gradient operator becomes∇ = (iω 1 , iω 2 ,
). In Cartesian coordinates, each component of the vector potential is harmonic and it is sufficient to set B = B 3 e 3 . Hence, we have ∇ 2 B 3 = ∇ 2 B 0 = 0
